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Motivation (Symmetry)

(693 7 8|4]5]1 2
487 5 1,293 6
1[2[5]9]6[3|8[7][4
9/3|2]6[5|1]4[8]7
5/6[8[2[4]7[3][9]1
7]14]1[3[9]8]6[2]5
3/1]9]4[7]5]2[6]8
8|/5]6[1[2]9]7[4]3
2]/7]4]8[3]6]1[5]9

Ruben Martins, Inés Lynce Breaking Local Symmetries in Quasigroup Completion Problems 3/24



Motivation (Symmetry)

(4187 5 1|2]9]3 6
(693 7 84|51 2
1[2[5]9]6[3|8[7][4
9/3|2]6[5|1]4[8]7
5/6[8[2[4]7[3][9]1
7]14]1[3[9]8]6[2]5
3/1]9]4[7]5]2[6]8
8|/5]6[1[2]9]7[4]3
2]/7]4]8[3]6]1[5]9

Ruben Martins, Inés Lynce Breaking Local Symmetries in Quasigroup Completion Problems 3/24



—~
>
<
)
(D)
£
=
>
9]
~—
(=
.2
=
T
2
)
O
=

3/ 24

@
=
g
]
g
a
<
.2
=1
=
=
£
<]
O
o
3
o
g
.20
@
@
3
o
1=
o
=
=
Qo
g
g
>
)
©
1%
<]
i
)
=
X
I
o
o
o




3/ 24

s
=
K
Q2o
S
o
c
.0
3
[=8
£
N[O | |~ [ (1o |[m|o <
=3
o
— [~ oo | o< (1o =
s
O[O |0 [t | [© |~ | <
8
<t (N[ |[— [~ |1 (O |© 2
5
=
0| O 1| O |~ [N (™ &
©
1)
o 2737674717577 w
.|m
8
o

o ol <l

—~
>
<
)
(D)
£
=
>
9]
~—
(=
.2
=
T
2
)
O
=




Motivation (Quasigroup Completion Problem)

Ruben Martins, Inés Lynce Breaking Local Symmetries in Quasigroup Completion Problems 4 /24



Motivation (Quasigroup Completion Problem)

N N OO ~RH O
~N| Ol R B~ O W N O ©
OO0 N O N W
D= B W NNO OO N
WINNO ~O1 O |00
O O OO N WIN P>
HININ O WHs| OO0
Gl A OIN OO N W[
Ol W oo|lol =N O

Ruben Martins, Inés Lynce Breaking Local Symmetries in Quasigroup Completion Problems 4 /24



Motivation (Quasigroup Completion Problem)

(0]
~

o O o1l o| N = w| N
~
©
O|lw|o|lo| N oo

Gl ON

N N OO ~RH O
~N| Ol R B~ O W N O ©
OO0 N O N W
D= B W NNO OO N
WINNO ~O1 O |00

=N O

Ruben Martins, Inés Lynce Breaking Local Symmetries in Quasigroup Completion Problems 4 /24



Motivation (Quasigroup Completion Problem)

(0]
~

o O o1l o| N = w| N
~
©
O|lw|o|lo| N oo

Gl ON

N N OO ~RH O
~N| Ol R B~ O W N O ©
OO0 N O N W
D= B W NNO OO N
WINNO ~O1 O |00

=N O

Ruben Martins, Inés Lynce Breaking Local Symmetries in Quasigroup Completion Problems 4 /24



Quasigroup Completion Problems (QCPs)

Definition (Quasigroup)

» A quasigroup is an ordered pair (Q,-), where Q is a set and - is a
binary operation on @ such that for each a and b in Q, there exist
unique elements x and y in Q such that:

1. a-x=b,
2. y-a=b.
The order n of the quasigroup is the cardinality of the set Q.
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Definition (Quasigroup)

» A quasigroup is an ordered pair (Q,-), where Q is a set and - is a
binary operation on @ such that for each a and b in Q, there exist
unique elements x and y in @ such that:

1. a-x=b,
2. y-a=b.
The order n of the quasigroup is the cardinality of the set Q.

Definition (Latin Square)

» A Latin square is an n x n table filled with n different symbols,
having one symbol in each cell, in such a way that each symbol
occurs exactly once in each row and exactly once in each column.
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Quasigroup Completion Problems (QCPs)

- [[1[2[3[4[5/6]7]8]9]
0 6/9/3|7]8|4]5]1]2
2| 4(8(7|5(1]2]|93]6
3125963874
4 9(3(2(6(5|1|4]8|7
5568247391
6| 7|4 (1(3]9]8|62|5
73(1(9(47|5/26|8
8| 8(5(6(1]2|9|7 43
9| 2(7(4(8(3]6]15]09

» Latin square as the multiplication table of a quasigroup:

> Unique elements x and y in Q such that: a-x=band y-a=b.
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Quasigroup Completion Problems (QCPs)

B ENPNEEY A AR Y
Tf6[9[3[7[8[4][5]1]2
2/4]8]7[5]1]2][9]3]6
Il 25963 8[7]4
419[3[2|6|5|1]4[8]7
5(5[6[8]2]4]7[3]9]1
67[4[1][3]9]8]6][2]5
7(3[1]9]4]7]5]2]6]8
8 8[5[6[1]2]9]7[4]3
92]7]4[8]3]6][1]5]9

» Latin square as the multiplication table of a quasigroup:

» Unique elements x and y in Q such that: and y-a=b.
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Quasigroup Completion Problems (QCPs)

o t[2EM4|5(6]7 89
608 7[8[4]5]1]2
2 48|51/ 2[9[3]6
8 1(2[8]9/6|3[8|7]4
400(3[2/ 6|51 4|87
5(05(6(8]2/4|7 (3|91
67(4[13/9(8]6|2]5
73(1[9 4|/7(5|/2]6]8
88[506 129|743
92714 8/3[6|/1]5]9

» Latin square as the multiplication table of a quasigroup:
> Unique elements x and y in Q such that: a-x = b and .
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Quasigroup Completion Problems (QCPs)

1
4
2
5 4 7
8
1 9
3 4
5 1
8 6

Definition (Quasigroup Completion Problem (QCP))

Given a partial quasigroup, identify a complete assignment such that each
symbol occurs exactly once in each row and exactly once in each column,
or prove that such an assignment does not exist.
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QCPs as a SAT Problem

» n Boolean variables per cell,
» Each variable represents a number assigned to a cell,

» Variable g,,, is assigned true iff the cell in row x, column y is

assigned the number z.

» Total number of variables is n3.
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QCPs as a SAT Problem (Minimal Encoding)

> At least one number must be assigned to each cell:

A= /\;:1 Viz1 9z

» No number is repeated in the same row:
n n n—1 An
/\y:1 /\z:l /\x:l i:x+1(_‘quz \ _‘qxiz)

» No number is repeated in the same column:
n n n—1 An
/\X:]. /\2:1 /\y:l /\i:y+1(_'quZ \ _‘qiyz)
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QCPs as a SAT Problem (Extended Encoding)

» Each number must appear at least once in each row:

N1 Aoz \/;:1 Axyz

» Each number must appear at least once in each column:

/\;:1 No=1 Vi1 Gz

» No two numbers are assigned to the same cell:
n n n—1 aAn
Nx=1 /\y:l Nz=1 Nizz11(0Gxz V 70xyi)

Ruben Martins, Inés Lynce Breaking Local Symmetries in Quasigroup Completion Problems 9 /24



Symmetry Breaking in QCPs
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Symmetry Breaking in QCPs
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Symmetry Breaking in QCPs

6193|784 |5[1]2
4 8|7|511(2|9]3]|6
112, 5/9/6|3|8|7|4
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5168124 |7|3]9]|1
714111319 8|6|2]|5
3 1|94 5 6|8
815 6|1 9 413
2171418 (3]6|1|5]|9
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Symmetry Breaking in QCPs

6193|784 |5[1]2
4 8|7|511(2|9]3]|6
112, 5/9/6|3|8|7|4
9132 ]|6|5 1[4|8]|[(
5168124 |7|3]9]|1
714111319 8|6|2]|5
3 1|94 5 6|8
815 6|1 9 413
2171418 (3]6|1|5]|9

» To break this symmetry we impose a lexicographical order between
the two numbers.
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Local Symmetry — Isymy, (2 rows; 2 columns)

> Q[Iljl] < Q[I2_j]_]
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Local Symmetry — Isymy, (2 rows; 2 columns)

g Qli1, 1] < Qli2, 1]

» Impose a lexicographical order on the subset of ji:

1. Yosa 7(Giib A Gigjpa A Ginjia N Ginjob)
2. Va>b _'(qi1j1a A Qijb A dirj1b A qizjza)
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Local Symmetry — Isymy, (2 rows; 2 columns)

Qi 1] < Qliz, j1]

» Impose a lexicographical order on the subset of ji:
1. vb:'a _\(qiljlb A Qiij>a A Girjia A qigj:b)
2. Va>b ﬁ(qilha A Qijb A Qirj1b A qizjza)
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Local Symmetry — Isymy, (2 rows; 2 columns)

;M Q[i1, /1] < Qlia, 1]

» Impose a lexicographical order on the subset of ji:
1. vb>a _‘(qi1j1b A Qirjra A Aizjia A qizjzb)
EA V>0 ~(Gijia A\ Qb A Gijib N Ginjoa)
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Local Symmetry — Isymy, (Example)

619|3|7|8]4 2
4 8 |7|5|1]|2 6
1}2,5/9/6|3|8|7|4
913|265 14|87
51618247 1
714111319 8|6|2]|5
3 1|94 5 6|38
815 6|1 9 413
2|7|14]18(3]6|1|5]|9

(Girjr9 N Gizjs3 N Qisjz3 N Qisjs9)
(Qirjs7 A irjs2 N Qigjs2 N igjs7)
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Local Symmetry — Isymy, (Example)

619|3|7|8]4 2
4 8 |7|5|1]|2 6
1}2/5/9/6|3|8|7|4
913|2|6|5 1[4|8|T7
51682 |4|7 0 i
714111319 8|6|2]|5
311|914 5 6|38
815 6|1 9 413
2| 71418/3|6]|1]5|9

(G20 A Ginjs3 N Gisjz3 A Qisjs9)
(Girjs7 N\ Qirjo2 N Qigjs2 N Qigjs7)
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Local Symmetry — Isymy, (Example)

619|3|7|8]4 2
4 8 |7|5|1]|2 6
1}2/5/9/6|3|8|7|4
913|2|6|5 1[4|8|T7
5161824 |7 1
714111319 8|6|2]|5
311|914 5 6|38
815 6|1 9 413
2| 71418/3|6]|1]5|9

(Girjz9 N\ Girjs3 A\ Qisjz3 \ isjs9)

(Girjs7 A Qirjo2 N Qigjs2 N Qigjs7)
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Local Symmetry — Isymys (2 rows; 3 columns)
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Local Symmetry — Isymys (2 rows; 3 columns)

6[9[3[7]8]4]5 T2
418|751 [2F9]3]6
12 5[9[6|3|8[7]4
9 7l 6 N 4 B
5] 6[8]2/4[7[3]9]1
7 1 9 sl 2 5
3 1|9 7[5[2]6]8
8 '8 6 2(9|7[4]3
2714 38 1/5]9
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Local Symmetry — Isymys (2 rows; 3 columns)

6[9[3[7]8]4]5 T2
418|751 [2F9]3]6
12 5[9[6|3|8[7]4
o KN 2 5 1 I s 7
5] 6[8]2/4[7[3]9]1
7 N 6 N - BE
3 1|94/ 7[5[2[6]8
s8lB 61 2(9[7[4]3
21741836 1[5]9
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Local Symmetry — Isymys (1st Case)

> Q[Iljl] < Q[I2_j]_]

N .2 J3
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Local Symmetry — Isymys (1st Case)

g Qli1, 1] < Q[i2, 1]

=
-

i

J2 J3

» Impose a lexicographical order on the subset of ji:

1. Vb > a: —(qijib A Gijpe A Gijsa A Qisja A Qiojob A injsc)
2. Va>b: _'(qi1j1a A Gijb A i jsc A Airj1b A Airjoc A qi2j33)
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Local Symmetry — Isymys (1st Case)

A Oli1, 1] < Qli, ji1]

» Impose a lexicographical order on the subset of ji:

I Vb > a: _‘(qiljlb A Qiijoc A Qiijza A Girjia A Girj>b A qi:js.C)
2. Va>b: _‘(qi1j1a A Gijb A Qijsc A irjib A Airjoc A qi2j3a)
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Local Symmetry — Isymys (1st Case)

;M Q[i1, /1] < Qlia, 1]

il JHI 2 IE
{§ E-S-

» Impose a lexicographical order on the subset of ji:
L. Vb>a: ~(qijb A Gije N Girjsa N Qirjia N Gizjob A Qinjsc)
el Va > b0 —(Gijia A Gijob A Qijac N iaju N iojoc /N Ginjza)
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Local Symmetry — Isymys; (2nd Case)

> Q[Iljl] < Q[I2_j]_]

N .2 J3
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Local Symmetry — [symo;

g Qli1, 1] < Q[i2, 1]

=
=

i

J2 J3

» Impose a lexicographical order on the subset of ji:

L. Ve > a: 2(Qijic A Gipa A Gijab A Giojia A Qoo A Gijsc)
2. Va>c: _'(qi1j1a A Gijob A ijsc A Airjic A Qirjra A qi2j3b)
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Local Symmetry — Isymys; (2nd Case)

A Oli1, 1] < Qli, ji1]

» Impose a lexicographical order on the subset of ji:
I Ve > a: _‘(qiljlc A Qiij>a A q A Girjia A Airj>b A %J}c)
2. Va>c: _\(qi1j1a A Gijob A Aijsc A Airjic A Qirjra A qizjsb)
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Local Symmetry — Isymys; (2nd Case)

u 2 IE
E-E-

;M Q[i1, /1] < Qlia, 1]

» Impose a lexicographical order on the subset of ji:
L Ve > a: ~(Gijic A Gijoa A Qivjsb N\ Gizjia A\ Gigjo /N ijsc)
el Va > ¢ : (Gijia A Gijob N Gijsc N ijrc N Ginjoa A\ Ginsb)

Ruben Martins, Inés Lynce Breaking Local Symmetries in Quasigroup Completion Problems 15 / 24



Local Symmetry — Isyms, (3 rows; 2 columns)
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Local Symmetry — Isyms, (3 rows; 2 columns)

6193|784 |5[1]2
4 8|7 |5|1(2}9|3]|6
1125|963 B 4
9132|655 1 NN [
5/618(24|7 3|91
74P 309 8|6|2|5
3(11/914 7(5/2|6/|8
815 6|1 2 9#%3
2171418 (3]6|1|5]|9
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Local Symmetry — Isyms, (3 rows; 2 columns)

6193|784 |5[1]2
4 8|7 |5|1(2}9|3]|6
112,596 3 3 K
9131265 1 EEEE [
5/618(24|7 3|91
74P 309 8|6|2|5
3(11/914 7(5/2|6/|8
815 6|1 2 9Fﬁ3
2171418 (3]6|1|5]|9
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Local Symmetry — Isyms, (1st Case)

ol Olir, /1] < Qlir, jo]
B J2

i

2

i3
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Local Symmetry — Isyms, (1st Case)

M Qli1, 1] < Q[i1, o]
J1 J2

» Impose a lexicographical order on the subset of iy:
1. Vb>a: _‘(qiljlb A Qirjra A Airjic A irjob A Gisjia A qi3j2C)
2. Va>b: (qijia A Gijob N Giojib A Ginjuc N izjic A Ginjoa)
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Local Symmetry — Isyms, (1st Case)

& Ol 1] < Qi j2]

1 J2

» Impose a lexicographical order on the subset of iy:
IO Vb > a: ~(gijib A Gijpa A Gijic A Gijobs A Gisjra A Gisjoc)
2. Va>b: ~(gija A Gipb A Gijib A Gisjre N Gisjre N Gijoa)
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Local Symmetry — Isyms, (1st Case)

M Qi1 1] < Q[i1, ]

J1 .2

» Impose a lexicographical order on the subset of iy:
1. Vb >a: ~(qijb A Gijpa A Gijic AN Qiojob A Qisjra N Qigjoc)
PRl Va > b —(Gijra A Qivjob A Qigjib A Qizjre N Qigjre N Qisjpa)
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Local Symmetry — Isyms, (2nd Case)

M Qli1, 1] < Q[i1, o]
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Local Symmetry — Isyms, (2nd Case)

M Qli1, 1] < Q[i1, o]

J1 J2

» Impose a lexicographical order on the subset of iy:

L. Ve > a: (Qijic A ijpa A Gijra N Giajpb N Gisjib N Qi)
2. Va> c: (qijia A Gijpe N Qigjib AN Ginjia N Gigjic N GQisjob)
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Local Symmetry — Isyms, (2nd Case)

& Ol 1] < Qi j2]

1 J2

» Impose a lexicographical order on the subset of iy:
I8l Ve > a2 (Gijic A Gijoa A Giojia A Giajob A iz A Gisjoc)
2. Va>c: 2(qija A Gijoe A Gigjib A Gijna A Qijuc A Qisjob)
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Local Symmetry — Isyms, (2nd Case)

M Qi1 1] < Q[i1, ]

J1 .2

» Impose a lexicographical order on the subset of iy:
L. Ve > a: (Gijic A ijpa A injra N Giajyb N Gisjib /N Gisjoc)
2. NERe ﬁ(qiljla A qilj:C A qizjlb A Clizjla A qi3j1C A qijz,jgb)
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Other Examples of Local Symmetries

Bl P2 53 Ja
; o
i
3

-
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Other Examples of Local Symmetries

Bl P2 53 Ja
; .
i
3

-
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Experimental Results (Satisfiable Instances)

» Reduction (in percentage) of the number of solutions when using the
different encodings

Isym | Isymas | Isymsp | Isym,
77.191 | 8.910 | 10.934 | 81.668

Ruben Martins, Inés Lynce Breaking Local Symmetries in Quasigroup Completion Problems 20 / 24



Experimental Results (Satisfiable Instances)

» Reduction (in percentage) of the number of solutions when using the
different encodings

Isymaa | Isymaz | Isymsp | Isymay
77.191 | 8.910 | 10.934 | 81.668

» Satisfiable instances using satz with a time limit of 6000s

Order w/o Isym Isymoo Isymsa Isymos
35 | 100 066 |100 0.64 | 100 0.825 | 100 0.635
37 | 100 3.44 | 100 3.37 | 100 3.495 | 100 4.015
40 | 100 18.76 | 100 18.63 | 100 26.645 | 100 19.92
43 90 120.66 | 91 13441 | 90 156.11 | 89 170.655
45 68 665.22 | 69 63355 | 68 802.835 | 70 740.22
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Experimental Results (blindsatz)

gl satz]

The look-ahead heuristic implemented in satz chooses the variable
that once assigned will imply the highest number of assignments due
to unit propagation.
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Experimental Results (blindsatz)

gl satz]

The look-ahead heuristic implemented in satz chooses the variable
that once assigned will imply the highest number of assignments due
to unit propagation.

[ blindsatz

We simply choose the first unassigned variable to branch on. This
makes the heuristic to choose the variables following a fixed order
which is a non-biased approach.
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Experimental Results (Satisfiable Instances)

» Satisfiable instances using blindsatz with a time limit of 1000s

w/o Isym ‘ Isymno ‘ Isymso ‘ Isymos ‘ Isymyy
88.97 | 81.57 | 88.87 | 88.97 | 81.095
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Experimental Results (Satisfiable Instances)

» Satisfiable instances using blindsatz with a time limit of 1000s

w/o Isym ‘ Isymno ‘ Isymso ‘ Isymos ‘ Isymyy

w/o lsym m lsym,, w/o lsym m lsym,;
30 I ] 30 30  S— 30
— —
28 — 28 28 — 28
— | —
26 — 26 26 - 26
— ]
24 — 24 24 - 24
— —
22 — 22 22 a 22
— —
20 —— 20 20 ] 20
— -
18 — 18 18 1 18
— —
16 — 16 16 ju} 16
— =]
14 — 14 14 [ | 14
— ]
12 — ] 12 12 12
] I
10 - 10 10 [ ] 10
8 ] 8 8 — 8
)  —
6 = 6 6 — 6
e —|
4 1] 4 4 — 4
1 —— 1
2 ] 2 2 — 1 2
-40 =20 0 20 40 =7.5 -5 =-2.5 0 2.5 5 7.5 10

16 Instances (0.06;2.07;10.12)%

27 Instances (1.32;12.57;42.74)%
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Experimental Results (Satisfiable Instances)

» Satisfiable instances using blindsatz with a time limit of 1000s

w/o Isym | Isymoy | Isymsy | Isymps | Isymyy
88.97 | 81.57 | 88.87 | 88.97 | 81.095

w/0 lsym m lsyms, w/0 lsym m 1lsym,;;
30 — 30 30 I ] 30
——
28 ———— 28 28 — 28
e — —
26 — 26 26 — 26
] —— — 1

24 — 24 24 — 24

22 | s— 22 22 — 22
— —

20 —— 20 20 — 20

18 — 1 18 18 — 18

16 -_ 16 16 —— 16
— —

14 — ]| 14 14 — 14
— —

12 | s— 12 12 — 1 12
] —

10 ] 10 10 -_ 10

| —

1

‘ : ‘ = ‘

4 4 4 1 4

————
— ——
2 | E—| 2 2 0 2

-4 -2

o°
N
-
o
3
'
&
S
N
S
oH
N
3
-
S

-80

15 Instances (0.26;1.85;4.59)% 25 Instances (2.76;15.17;42.81)%
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Experimental Results (Unsatisfiable Instances)

» Unsatisfiable instances using blindsatz with a time limit of 1000s

w/o Isym | Isymp | Isyms | lIsymps | Isymay
376.075 | 360.655 | 378.52 | 377.955 | 358.47
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Experimental Results (Unsatisfiable Instances)

» Unsatisfiable instances using blindsatz with a time limit of 1000s

w/o Isym | Isymp | Isyms | lIsymps | Isymay
376.075 | 360.655 | 378.52 | 377.955 | 358.47

w/o lsym m lsym,, w/o lsym m lsym,;
- 30 30
-« /0000 ] 28 l:I- 28
- ] 26 —— 26
= o [ o
] 22 —— 22
= — o T—— 2
= e ] 10
] 16 I 16
—— 1 B 1
] 12 | 12
== 10 g 10
—— . e 5
I 6 |:_ 6
-_ 4 [} 4
} 2 | — 2
0 2 4 6 8 10 12 14 -4 2 0 2 4

30 Instances (0.45;6.71;14.78)% 16 Instances (0.09;1.69;5.14)%
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Experimental Results (Unsatisfiable Instances)

» Unsatisfiable instances using blindsatz with a time limit of 1000s

w/o Isym ‘ Isymoo ‘ Isymso ‘ Isymos ‘ Isymyy
376.075 | 360.655 | 378.52 | 377.955 | 358.47

w/o lsym m lsyms, w/o lsym m lsym,;
30 I 30 30FT T 1 3.0
28 |:_ 28 28 1 28
26 — 26 26 — 26
2 o o = 2
22 I ——— 22 22 I 22
20 [:: 20 20 l:I_ 20
18 1 18 18 S 18
16 e 6 s = == 16
1 — TS PR — o 1
12 S 12 12 — 12
10 |:_ 10 10 = 10
s o — s s == 5
6 I:- 6 6 -__ 6
4 I:E_ 4 4 -_ 4
2 ——— 2 2 — 2
-4 2 0 2 4 0 5 10 15 20
16 Instances (0.02;1.67;4.41)% 28 Instances (1.37;8.42;23)%
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Conclusions & Future Work

Identified several types of Local Symmetries in QCPs

v

Added new clauses for symmetry breaking has a negative impact on
the solver

v

v

Simplify the clauses needed to break Local Symmetries

Develop new heuristics to cope with Local Symmetries

v

v

Apply a similar reasoning to other problems
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