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Motivation - Why SAT?

� BooleanSatis�ability (SAT) hasseensigni�cant
improvementsin recentyears

{ Ok, but SAT is simplya subsetof CP...
I This doesnot make SAT a simple issue!

{ So, can we learn anything from there?
I Much more than you can imagine!



Motivation - Somelessonsfrom SAT I

� Time is everything
{ Good ideasare not enough,you haveto be fast!
{ Onething is the algorithm, anotherthing is the implementation
{ Make your sourcecode available

I Otherwisepeoplewill have to wait for years before realising
what you havedone



Motivation - Somelessonsfrom SAT II

� Competitions are essential
{ To checkthe state-of-the-art
{ To keepthe community alive
{ To get studentsinvolved



Motivation - Somelessonsfrom SAT III

� There is no perfect solver!
{ Do not expect your solverto beat all the other solverson all

probleminstances

� What makesa good solver?
{ Correctnessand robustnessfor sure...
{ Being most often the best for its category: industrial,

handmadeor random
{ Being able to solveinstancesfrom di�erent problems



www.satcompetition.org

� Get all the info from the SAT competition web page
{ Organizers,judges,benchmarks, executables,sourcecode
{ Winners

I Industrial, handmadeand random benchmarks
I Sat+Unsat, Sat, Unsat categories
I Gold, Silver, Bronze medals
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BooleanFormulas

� Booleanformula ' is de�ned overa set of propositional
variablesx1; : : : ; xn, usingthe standard propositional
connectives: , ^ , _ , ! , $ , and parenthesis

{ The domainof propositionalvariablesis f 0; 1g
{ Example:' (x1; : : : ; x3) = (( : x1 ^ x2) _ x3) ^ (: x2 _ x3)

� A formula ' in conjunctivenormal form (CNF) is a
conjunctionof disjunctions(clauses) of literals, wherea literal
is a variable or its complement

{ Example:' (x1; : : : ; x3) = (: x1 _ x3) ^ (x2 _ x3) ^ (: x2 _ x3)

� Canencode any Booleanformula into CNF (more later)



BooleanSatis�ability (SAT)

� The Booleansatis�ability (SAT) problem:
{ Find an assignmentto the variablesx1; : : : ; xn suchthat

' (x1; : : : ; xn) = 1, or prove that no suchassignmentexists

� SAT is an NP-completedecisionproblem [Cook'71]
{ SAT was the �rst problemto be shown NP-complete
{ There are no known polynomialtime algorithms for SAT
{ 36-year old conjecture:

Any algorithm that solvesSAT is exponential in the number of
variables,in the worst-case
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Applicationsof SAT I

� Formal methods:
{ Hardware model checking; Software model checking;

Terminationanalysisof term-rewritesystems;Test pattern
generation(testing of software & hardware); etc.

� Arti�cial intelligence:
{ Planning; Knowledgerepresentation;Games(n-queens,

sudoku,social golpher's,etc.)

� Bioinformatics:
{ Haplotype inference;Pedigreechecking;Comparative

genomics;etc.

� Designautomation:
{ Equivalencechecking; Delay computation;Fault diagnosis;

Noiseanalysis;etc.

� Security:
{ Cryptanalysis;Inversionattacks on hashfunctions;etc.



Applicationsof SAT II

� Computationallyhard problems:
{ Graphcoloring; Travelingsalesperson;etc.

� Mathematicalproblems:
{ van der Waerdennumbers;etc.

� Core enginefor other solvers:0-1 ILP; QBF; #SAT; SMT; ...

� Integratedinto theorem provers:HOL; Isabelle; ...



Example:GraphColoring I

� Decidewhetheronecan assignoneof K colors to eachof the
verticesof graphG = (V ; E) suchthat adjacentverticesare
assigneddi�erent colors

Valid coloring Invalid coloring



Example:GraphColoring II

� GivenN = jV j verticesand K colors, createN � K variables:
xij = 1 i� vertex i is assignedcolor j ; 0 otherwise

� For eachedge(u; v), requiredi�erent assignedcolors to u and
v:

1 � j � K ; (: xuj _ : xvj )

� Eachvertex is assignedexactlyonecolor:

1 � i � N;
KX

j =1

xij = 1
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RepresentingAtLeast,AtMost andEqualConstraints

� How to representin CNF the constraint
P N

j =1 xj � 1?
{ Standard solution: (x1 _ : : : _ xN )

� How to representin CNF the constraint
P N

j =1 xij � 1?
{ Naivesolution: 8j1=1 ::N 8j2= j1+1 ::N (: xij1 _ : xij2)

I Number of clausesgrows quadratically with N
{ More compact(i.e. linear) solutionspossible

I At the cost of using additional variables

� How to representin CNF the constraint
P N

j =1 xij = 1?
{ Standard solution: oneAtMost 1 andoneAtLeast 1 constraints



RepresentingBooleanCircuits/ FormulasI

� Satis�ability problemscan be de�ned on Boolean
circuits/formulas

� Canrepresentcircuits/formulasas CNF formulas [Tseitin'68]
{ For each(simple) gate, CNF formula encodesthe consistent

assignmentsto the gate's inputs and output
I Givenz = OP(x; y), represent in CNF z $ OP(x; y)

{ CNF formula for the circuit is the conjunctionof CNF formula
for eachgate

' c = (a _ c) ^ (b _ c) ^ (: a _ : b _ : c)

' t = (: r _ t ) ^ (: s _ t ) ^ (r _ s _ : t )

a

b

c

r

s

t



RepresentingBooleanCircuits/ FormulasII

a

b

c

a b c ' c(a,b,c)
0 0 0 0
0 0 1 1
0 1 0 0
0 1 1 1
1 0 0 0
1 0 1 1
1 1 0 1
1 1 1 0

' c = (a _ c) ^ (b _ c) ^ (: a _ : b _ : c)



RepresentingBooleanCircuits/ FormulasIII

� CNF formula for the circuit is the conjunctionof the CNF
formula for eachgate

{ Canspecify objectiveswith additional clauses

a

b
c d

x
z = 1?

y

' = (a _ x) ^ (b _ x) ^ (: a _ : b _ : x) ^

(x _ : y) ^ (c _ : y) ^ (: x _ : c _ y) ^

(: y _ z) ^ (: d _ z) ^ (y _ d _ : z) ^

(z)

� Note: z = d _ (c ^ (: (a ^ b)))
{ No distinction betweenBooleancircuits and formulas
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Algorithms for SAT

� Incompletealgorithms (i.e. can only prove (un)satis�ability):
{ Local search / hill-climbing
{ Geneticalgorithms
{ Simulatedannealing
{ ...

� Completealgorithms (i.e. can proveboth satis�ability and
unsatis�ability):

{ Proof system(s)
I Natural deduction
I Resolution
I Stalmarck's method
I Recursivelearning
I ...

{ Binary DecisionDiagrams(BDDs)
{ Backtracksearch / DPLL

I Con
ict-Driven ClauseLearning (CDCL)

{ ...
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De�nitions
� Propositionalvariablescan be assignedvalue0 or 1

{ In somecontextsvariablesmay be unassigned

� A clauseis satis�ed if at leastoneof its literals is assigned
value1

(x1 _ : x2 _ : x3)

� A clauseis unsatis�ed if all of its literals are assignedvalue0
(x1 _ : x2 _ : x3)

� A clauseis unit if it containsonesingleunassignedliteral and
all other literals are assignedvalue0

(x1 _ : x2 _ : x3)

� A formula is satis�ed if all of its clausesare satis�ed

� A formula is unsatis�ed if at leastoneof its clausesis
unsatis�ed



PureLiterals
� A literal is pure if only occursas a positive literal or as a

negativeliteral in a CNF formula
{ Example:

' = (: x1 _ x2) ^ (x3 _ : x2) ^ (x4 _ : x5) ^ (x5 _ : x4)
{ x1 and x3 and pure literals

� Pure literal rule:
Clausescontainingpure literals can be removedfrom the
formula (i.e. just assignpure literals to the valuesthat satisfy
the clauses)

{ For the exampleabove, the resultingformula becomes:
' = (x4 _ : x5) ^ (x5 _ : x4)

� A referencetechniqueuntil the mid 90s;nowadays seldom
used



Unit Propagation

� Unit clauserule:
Givena unit clause,its only unassignedliteral must be
assignedvalue1 for the clauseto be satis�ed

{ Example:for unit clause(x1 _ : x2 _ : x3), x3 must be assigned
value0

� Unit propagation
Iterated applicationof the unit clauserule

(x1 _ : x2 _ : x3) ^ (: x1 _ : x3 _ x4) ^ (: x1 _ : x2 _ x4)
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Unit Propagation

� Unit clauserule:
Givena unit clause,its only unassignedliteral must be
assignedvalue1 for the clauseto be satis�ed

{ Example:for unit clause(x1 _ : x2 _ : x3), x3 must be assigned
value0

� Unit propagation
Iterated applicationof the unit clauserule

(x1 _ : x2 _ : x3) ^ (: x1 _ : x3 _ x4) ^ (: x1 _ : x2 _ x4)

(x1 _ : x2 _ : x3) ^ (: x1 _ : x3 _ x4) ^ (: x1 _ : x2 _ : x4)

� Unit propagationcan satisfyclausesbut can alsounsatisfy
clauses.Unsatis�ed clausescreatecon
icts.



Resolution
� Resolutionrule:

{ If a formula ' containsclauses(x _ � ) and (: x _ � ), then one
can infer (� _ � )

(x _ : � ) ^ (: x _ � ) ` (� _ � )

� Resolutionforms the basisof a completealgorithm for SAT
{ Iteratively apply the following steps: [Davis&Putnam'60]

I Selectvariable x
I Apply resolution rule betweeneverypair of clausesof the form

(x _ � ) and (: x _ � )
I Removeall clausescontaining either x or : x
I Apply the pure literal rule and unit propagation

{ Terminatewheneither the empty clauseor the empty formula
is derived



Resolution{ An Example

(x1 _ : x2 _ : x3) ^ (: x1 _ : x2 _ : x3) ^ (x2 _ x3) ^ (x3 _ x4) ^ (x3 _ : x4) `
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Resolution{ An Example
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(x3)

� Formula is SAT
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Organizationof Local Search

� Local search is incomplete;usuallyit cannot prove
unsatis�ability

{ Very e�ective in speci�c contexts

� Example:

(x1 _ : x2 _ : x3) ^ (: x1 _ : x3 _ x4) ^ (: x1 _ : x2 _ x4)



Organizationof Local Search

� Local search is incomplete;usuallyit cannot prove
unsatis�ability

{ Very e�ective in speci�c contexts

� Example:

(x1 _ : x2 _ : x3) ^ (: x1 _ : x3 _ x4) ^ (: x1 _ : x2 _ x4)

� Start with (possiblyrandom) assignment:
x4 = 0; x1 = x2 = x3 = 1

� And repeat a number of times:



Organizationof Local Search

� Local search is incomplete;usuallyit cannot prove
unsatis�ability

{ Very e�ective in speci�c contexts

� Example:

(x1 _ : x2 _ : x3) ^ (: x1 _ : x3 _ x4) ^ (: x1 _ : x2 _ x4)

� Start with (possiblyrandom) assignment:
x4 = 0; x1 = x2 = x3 = 1

� And repeat a number of times:



Organizationof Local Search

� Local search is incomplete;usuallyit cannot prove
unsatis�ability

{ Very e�ective in speci�c contexts

� Example:

(x1 _ : x2 _ : x3) ^ (: x1 _ : x3 _ x4) ^ (: x1 _ : x2 _ x4)

� Start with (possiblyrandom) assignment:
x4 = 0; x1 = x2 = x3 = 1

� And repeat a number of times:
{ If not all clausessatis�ed, 
ip variable (e.g. x4)



Organizationof Local Search

� Local search is incomplete;usuallyit cannot prove
unsatis�ability

{ Very e�ective in speci�c contexts

� Example:

(x1 _ : x2 _ : x3) ^ (: x1 _ : x3 _ x4) ^ (: x1 _ : x2 _ x4)

� Start with (possiblyrandom) assignment:
x4 = 0; x1 = x2 = x3 = 1

� And repeat a number of times:
{ If not all clausessatis�ed, 
ip variable (e.g. x4)



Organizationof Local Search
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Organizationof Local Search

� Local search is incomplete;usuallyit cannot prove
unsatis�ability

{ Very e�ective in speci�c contexts

� Example:

(x1 _ : x2 _ : x3) ^ (: x1 _ : x3 _ x4) ^ (: x1 _ : x2 _ x4)

� Start with (possiblyrandom) assignment:
x4 = 0; x1 = x2 = x3 = 1

� And repeat a number of times:
{ If not all clausessatis�ed, 
ip variable (e.g. x4)
{ Done if all clausessatis�ed

� Repeat (random) selectionof assignmenta number of times
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Historical PerspectiveI

� In 1960,M. Davisand H. Putnam proposedthe DP
algorithm:

{ Resolutionusedto eliminate1 variable at eachstep
{ Applied the pure literal rule and unit propagation

� Original algorithm was ine�cient
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Historical PerspectiveII

� In 1962,M. Davis,G. Logemannand D. Lovelandproposed
an alternativealgorithm:

{ Insteadof eliminatingvariables,the algorithm would split on a
givenvariable at eachstep

{ Also appliedthe pure literal rule and unit propagation

� The 1962algorithm is actually an implementationof
backtracksearch

� Over the years the 1962algorithm becameknown as the
DPLL (sometimesDLL) algorithm



BasicAlgorithm for SAT { DPLL

� Standard backtracksearch
� At eachstep:

{ [DECIDE]Selectdecisionassignment
{ [DEDUCE]Apply unit propagationand (optionally) the pure

literal rule
{ [DIAGNOSIS]If con
ict identi�ed, then backtrack

I If cannot backtrack further, return UNSAT
I Otherwise,proceedwith unit propagation

{ If formula satis�ed, return SAT
{ Otherwise,proceedwith anotherdecision



An Exampleof DPLL

' = (a _ : b _ d) ^ (a _ : b _ e) ^

(: b _ : d _ : e) ^

(a _ b _ c _ d) ^ (a _ b _ c _ : d) ^

(a _ b _ : c _ e) ^ (a _ b _ : c _ : e)
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An Exampleof DPLL

' = (a _ : b _ d) ^ (a _ : b _ e) ^

(: b _ : d _ : e) ^

(a _ b _ c _ d) ^ (a _ b _ c _ : d) ^
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c

b
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CDCLSAT Solvers

� Introducedin the 90's
[Marques-Silva&Sakallah'96][Bayardo&Schrag'97]

� Inspiredon DPLL
{ Must be able to proveboth satis�ability and unsatis�ability

� New clausesare learnt from con
icts

� Structure of con
icts exploited(UIPs)

� Backtrackingcan be non-chronological
� E�cient data structures[Moskewicz&al'01]

{ Compactand reducedmaintenanceoverhead

� Backtracksearch is periodically restarted [Gomes&al'98]

� Cansolveinstanceswith hundredsof thousandvariablesand
tens of million clauses
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ClauseLearning

� During backtracksearch, for eachcon
ict learn new clause,
which explainsand preventsrepetition of the samecon
ict

' = ( a _ b) ^ (: b _ c _ d) ^ (: b _ e) ^ (: d _ : e _ f ) : : :
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ClauseLearning

� During backtracksearch, for eachcon
ict learn new clause,
whichexplainsand preventsrepetition of the samecon
ict

' = ( a _ b) ^ (: b _ c _ d) ^ (: b _ e) ^ (: d _ : e _ f ) : : :

{ Assumedecisionsc = 0 and f = 0
{ Assigna = 0 and imply assignments
{ A con
ict is reached:(: d _ : e _ f ) is unsatis�ed
{ (a = 0) ^ (c = 0) ^ (f = 0) ) (' = 0)
{ (' = 1) ) (a = 1) _ (c = 1) _ (f = 1)

{ Learn new clause(a _ c _ f )



Non-ChronologicalBacktracking

� During backtracksearch, for eachcon
ict backtrackto oneof
the causesof the con
ict

' = (a _ b) ^ (: b _ c _ d) ^ (: b _ e) ^ (: d _ : e _ f )^
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Non-ChronologicalBacktracking

c

i

h

f

a

(c _ f )(a _ c _ f )

� Learnt clause:(c _ f )

� Needto backtrack,given
new clause

� Backtrack to most recent
decision:f = 0

� Clauselearning and
non-chronological
backtrackingare hallmarks
of modern SAT solvers
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Most RecentBacktrackingScheme

a

c

i

h

a

(a _ c _ f )

f (a _ c _ f )

� Learnt clause:(a _ c _ f )

� No needto assigna = 1 -
backtrackto most recent
decision:f = 0

� Search algorithm is no
longera traditional
backtrackingscheme



UniqueImplicationPoints (UIPs)

a i

h

b

c

g d

conflict f

e

� Exploit structure from the implication graph
{ To havea more aggressivebacktrackingpolicy

� Identify additional clausesto be learnt
[Marques-Silva&Sakallah'96]

{ Createclauses(a _ c _ f ) and (: i _ f )
{ Imply not only a = 1 but alsoi = 0

� 1st UIP schemeis the most e�cient [Zhang&al'01]
{ Createonly oneclause(: i _ f )
{ Avoid creatingsimilar clausesinvolvingthe sameliterals



Clausedeletionpolicies

� Keeponly the small clauses[Marques-Silva&Sakallah'96]
{ For eachcon
ict record oneclause
{ Keepclausesof size� K
{ Large clausesget deletedwhenbecomeunresolved

� Keeponly the relevantclauses[Bayardo&Schrag'97]
{ Deleteunresolvedclauseswith � M free literals

� Keeponly the clausesthat are used[Goldberg&Novikov'02]
{ Keeptrack of clausesactivity



Data Structures
� Key point: only unit and unsatis�ed clausesmust be detected

during search
{ Formula is unsatis�ed whenat leastoneclauseis unsatis�ed
{ Formula is satis�ed whenall the variablesare assignedand

there are no unsatis�ed clauses

� In practice: unit and unsatis�ed clausesmay be identi�ed
usingonly two references

� Standard data structures(adjacencylists):
{ Eachvariable x keepsa referenceto all clausescontaininga

literal in x

� Lazydata structures(watchedliterals):
{ For eachclause,only two variableskeepa referenceto the

clause,i.e. only 2 literals are watched



Standard Data Structures(adjacencylists)

size = 5
literals1= 0
literals0 = 4

size = 5
literals1= 0
literals0 = 5

size = 5
literals1= 1
literals0 = 4

unit

satisfied

unsatisfied

� Eachvariable x keepsa reference
to all clausescontaininga literal in
x

{ If variable x is assigned,then all
clausescontaininga literal in x
are evaluated

{ If search backtracks,then all
clausesof all newlyunassigned
variablesare updated

� Total number of referencesis L,
whereL is the number of literals



LazyData Structures(watchedliterals)

satisfied

after backtracking to level 4

unresolved

unit

@5 @3 @1

@1@7@3@5

@5 @7 @7 @1

@1@3

@3

unresolved

@1@3

� For eachclause,only two
variableskeepa referenceto the
clause,i.e. only 2 literals are
watched

{ If variable x is assigned,only
the clauseswhereliterals in x
are watchedneedto be
evaluated

{ If search backtracks,then
nothing needsto be done

� Total number of referencesis
2 � C, whereC is the number
of clauses

{ In generalL � 2 � C, in
particular if clausesare learnt



Search Heuristics
� Standard data structures: heavyheuristics

{ DLIS: DynamicLarge IndividualSum [Marques-Silva'99]
I Selectsthe literal that appears most frequently in unresolved

clauses

� Lazydata structures: light heuristics
{ VSIDS:Variable State IndependentDecaying Sum

[Moskewicz&al'01]
I Each literal has a counter, initialized to zero
I When a new clauseis recorded, the counter associated with

eachliteral in the clauseis incremented
I The unassignedliteral with the highest counter is chosenat

eachdecision
{ Other variations

I Countersupdated also for literals in the clausesinvolved in
con
icts [Goldberg&Novikov'02]



Restarts I

� Plot for processor veri�cation instancewith branching
randomizationand 10000runs

{ More than 50% of the runs requirelessthan 1000backtracks
{ A small percentagerequiresmore than 10000backtracks

� Run times of backtracksearch SAT solverscharacterizedby
heavy-taildistributions



Restarts II

solutioncutoffcutoff

� Repeatedlyrestart the search eachtime a cuto� is reached
{ Randomizationallows to explore di�erent paths in search tree

� Resultingalgorithm is incomplete
{ Increasethe cuto� value
{ Keepclausesfrom previousruns

cutoff

solution
clauses

new



Outline

What is BooleanSatis�ability?

Applications

Modeling

Algorithms
Fundamentals
Local Search
The DPLL Algorithm
Con
ict-Driven ClauseLearning (CDCL)

Extensions



Well-Known Extensionsof SAT
� The formula is unsatis�able

{ Maximum Satis�ability (MAX-SAT) :
Satisfy the largest number of clauses

� Quantify the variables
{ Quanti�ed BooleanFormulas(QBF):

Booleanformulaswherevariablesare existentiallyor universally
quanti�ed

� Considerextendedconstraints
{ Pseudo-Booleanformulas(PBS/PBO):

Linear inequalitiesoverBooleanvariables
� Considerdecidablefragmentsof FOL

{ Satis�ability Modulo Theories (SMT):
Decisionproceduresfor a number of theoriesexist

I Linear Integer Arithmetic
I Uninterpreted Functions
I ...

� Interestingresultsfor most extensions,but still far from the
impact of SAT solvers



Conclusions
� The ingredientsfor havingan e�cient SAT solver

{ Mistakesare not a problem
I Learn from your con
icts
I ... and perform non-chronologicalbacktracking
I Restart the search

{ Be lazy!
I Lazy data structures
I Low-cost heuristics

� Thanksto Jo~ao Marques-Silvaand Daniel Le Berre



The Next SAT Conference

� May 12 - 15 2008,Guangzhou,P. R. China

� Submissiondeadline:January 11th, 2008
� A�liated events

{ SAT Race
{ QBFEVAL
{ Max-SAT Evaluation



Thank you!
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