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Motivation - Why SAT?

Boolean Satis ability (SAT) hasseensigni cant
improvementsin recentyeas
{ OK, but SAT is simplya subsetof CP...
I This doesnot make SAT a simpleissue!
{ So,canwe lean anything from there?
I Much more than you can imagine!



Motivation - Somelessongrom SAT |

Time is everything
{ Good ideasare not enough,you haveto be fast!
{ Onething is the algaithm, anotherthing is the implementation
{ Make your sourcecode available

I Otherwise peoplewill haveto wait for yeas before realising
what you have done



Motivation - Somelessonsrom SAT |l

Competitions are essential
{ To checkthe state-of-the-at
{ To keepthe community alive
{ To get studentsinvolved



Motivation - Somelessongrom SAT Il

Thereis no perfect solver!
{ Do not expect your solverto beat all the other solverson all
probleminstances
What makesa good solver?
{ Carectnessand robustnesdor sure...
{ Being most often the best for its categay: industrial,
handmadeor random
{ Beingableto solveinstancesfrom di erent problems



www.satcomptition.arg

Get all the info from the SAT competition web page
{ Organizersjudges,benchmaks, executablessourcecode
{ Winners
I Industrial, handmadeand random benchmaks
I Sat+Unsat, Sat, Unsat categaies
I Gold, Silver, Bronze medals

SAT 2007 competition

Daniel Le Berre,Olivier Roussel and Laurent Simon
Geoff Sutcliffe and Lintao Zhang

Judges
Benohmarks jom (tar.bz2 44MB), crafted (.tar, bz2 compressed files inside 175MB), Industrial (.tar, bz2 compressed files inside, 556 MB)+ velev 's VLIW-SAT 4.0 and VLIW-UNSAT 2.0 + IBM
nmarks —
Systems. All/Winners precompiled for linux (tgz, 25/10 MB). Source code (competition division only, tgz, -updated 11/7/07- 6MB).
ndustriat b e
Gold  Siver o siiver o Y e |
SATHUNSAT neat picoser [NEEEESENN  saveiie crarTeD Minsat samsanmnoon  werenks [T

saT posat nect [N venxs saracaarren NN onovetys aapigensato
UNSAT Bsal  Minisat SATalla CRAFTED ms B oo — . |
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What is Boolean Satis ability?



BooleanFormulas

Booleanformula' is de ned overa set of propositional

connectives , *, ,! | $ , and paenthesis

{ The domainof propositional variablesis f 0; 1g
{ Example:' (x1;:::7;%3) = ((: X2 ™ X2) _ X3) ™ (: X2 _ X3)

A formula' in conjunctivenormal form (CNF) is a
conjunctionof disjunctions(clause} of literals, wherea literal
is a variable or its complement

{ Example:' (Xg;:::;%3) = (0 X2 _X3) ™ (X2 _X3) ™ (& X2 _ X3)

Canencale any Booleanformulainto CNF (more later)



BooleanSatis ability (SAT)

The Booleansatis ability (SAT) problem:

{ Find an assignmento the variablesx;:::; X, suchthat
Xn) = 1, or provethat no suchassignmengexists

SAT is an NP-completedecisionproblem [Cook'71]
{ SAT wasthe rst problemto be shovn NP-complete
{ Thereare no known polynomialtime algaithms for SAT

{ 36-yea old conjecture:
Any algaithm that solvesSAT is exponentialin the number of

variables,in the worst-case
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Applicationsof SAT |

Formal methads:

{ Hardware model checking Software model checking
Terminationanalysisof term-rewrite systems;Test pattern
generation(testing of software & hardware); etc.

Arti cial intelligence:

{ Planning Knowledgerepresentation;Games(n-queens,
sudoku,sccial golpher's,etc.)

Bioinformatics:

{ Haplotype inference;Pedigreechecking;Compaative
genomicsgetc.

Designautomation:

{ Equivalencechecking Delay computation; Fault diagnosis;
Noiseanalysis;etc.

Securiy:
{ Cryptanalysisjnversionattacks on hashfunctions; etc.



Applicationsof SAT Il

Computationallyhard problems:

{ Graphcolaing; Travelingsalesgrson;etc.
Mathematical problems:

{ vander Waerdennumbers; etc.

Cae enginefor other solvers:0-1 ILP; QBF; #SAT; SMT,; ...
Integratedinto thearem provers: HOL; Isalelle; ...



Example:GraphColaing |

Decidewhetherone can assignone of K colas to eachof the
verticesof graph G = (V; E) suchthat adjacentverticesare
assignedli erent colas

e e

Valid colaing Invalid colaing



Example:GraphColaing Il

GivenN = jVj verticesand K colas, createN K variables:
xj = 1i vertexi is assigneccola j; O otherwise

For eachedge(u; v), requiredi erent assignectolasto u and
V:
1 j K; (5 Xuj _ * %)

Eachvertexis assignedexactly one cola:
X

1 i N; Xij = 1
j=1
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RepesentingAtLeast, AtMost and EqualConstraints

. . P
How to representin CNF the constraint |1, x 12
{ Standad solution: (x; _ :::_ Xn)

. P
How to representin CNF the constraint |1, x;  1?
{ Naivesolution: 8j =1 ::n8j,=j,+1::n (0 Xij, _ * Xj,)
I Number of clausesgrows quadratically with N
{ More compact(i.e. linea) solutionspossible
I At the cost of using additional variables

. P
How to representin CNF the constraint |1, x; = 1?
{ Standad solution: one AtMost 1 and oneAtLeast 1 constraints



RepesentingBooleanCircuits/ Formulasl

Satis ability problemscan be de ned on Boolean
circuits/formulas
Canrepresentcircuits/formulasas CNF formulas [Tseitin'68]
{ For each(simple) gate, CNF formula encalesthe consistent
assignmentgo the gate'sinputs and output
I Givenz = OP(x;y), representin CNF z $ OP(x;y)
{ CNF formula for the circuit is the conjunctionof CNF formula
for eachgate

"ce=(a_c)r(b_c)r(a_:b_:c

1 ¥
N Y Y () ré}

S



RepesentingBooleanCircuits/ Formulasll

' <(a,b,c)

=
b

P RPPFPPOOOOD
P RPOOPRFRPEFEFOOUT
P OPRPOFR,OPFrOOn

OFRPRFRPROROLPR

'c=(@a_c)r(b_co)r(a_:b_:0



RepesentingBooleanCircuits/ Formulasll|

CNF formula for the circuit is the conjunctionof the CNF
formula for eachgate
{ Canspecify objectiveswith additional clauses

= (ax)"(b_x)"(Ga_:b_:x)n
X_ty)NM(c_iy)h(x_rc_y)"
GCy_2"¢cd_2)MN(y_d_:z2)n

(2)

Note: z=d _(c” (: (a”™ b))
{ No distinction betweenBooleancircuits and formulas
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Algaithms for SAT

Incompletealgaithms (i.e. can only prove (un)satis ability):
{ Local seach/ hill-climbing
{ Geneticalgaithms
{ Simulatedannealing

{ .

Completealgaithms (i.e. can prove both satis ability and
unsatis ability):
{ Proof system(s)
I Natural deduction
I Resolution
I Stalmarck's method
I Recursivelearning
|

{ Binary DecisionDiagrams(BDDs)
{ Backtrackseach/ DPLL

I Conict-Driven ClauseLeaning (CDCL)

{ .
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De nitions

Propositional variablescan be assignedvalueO or 1
{ In somecontextsvariablesmay be unassigned

A clauseis satis ed if at leastone of its literals is assigned
valuel

(X1 _ X1 X3)
A clauseis unsatis ed if all of its literals are assignedvalue0
(X1_ 1 X2 _ 1 Xs)
A clauseis unit if it containsone singleunassignediteral and
all other literals are assignedvalue0
(X1 _ X2 _ " Xs)

A formulais satis ed if all of its clausesare satis ed

A formulais unsatis ed if at leastone of its clausess
unsatis ed



Pure Literals

A literal is pureif only occursas a positive literal or asa
negativeliteral in a CNF formula
{ Example:
PEX )M (Xt X)) N (Xa_ i Xs) M (X5 _ i Xa)
{ x; andxz and pure literals

Pure literal rule:
Clausescontaining pure literals can be removedfrom the
formula (i.e. just assignpure literals to the valuesthat satisfy
the clauses)
{ For the exampleabove, the resultingformula becomes:
"= (Xa_ 1 X6) " (X5 _ Xa)

A referenceechniqueuntil the mid 90s; nowvadays seldom
used



Unit Propagation

Unit clauserule:
Givena unit clause,its only unassignediteral must be
assignedvalue 1 for the clauseto be satis ed

{ Example:for unit clause(x; _ : X2 _ : X3), X3 must be assigned
valueO

Unit propagation
Iterated applicationof the unit clauserule

(X1 _ i Xo_ ix) M (X1 _ i Xa_Xa) ™M (0 X1_ X2 _ Xa)
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Unit Propagation

Unit clauserule:
Givena unit clause,its only unassignediteral must be
assignedvalue 1 for the clauseto be satis ed

{ Example:for unit clause(x; _: X, _ : X3), X3 must be assigned
valueO

Unit propagation
Iterated applicationof the unit clauserule

(X1_ X ix) M (X1 _ i Xa_Xa) ™M (CX1_ X2 _ Xa)

(X1 _ X X)) N (X X3 Xa)N(CXe i Xt Xa)

Unit propagationcan satisfy clauseshut can alsounsatisfy
clauses.Unsatis ed clausescreatecon icts.



Resolution

Resolutionrule:
{ If aformula' containsclauseqdx _ ) and(: x _ ), thenone
caninfer( _ )

(x_:)rCGx_ ) ()

Resolutionforms the basisof a completealgaithm for SAT
{ lteratively apply the following steps: [Davis&Putnam'60]

I Selectvariable x
I Apply resolution rule between every pair of clausesof the form
(x_ Yand(: x_ )
I Removeall clausescontaining either x or : x
I Apply the pure literal rule and unit propagation
{ Terminatewheneitherthe empty clauseor the empty formula
is derived



Resolution{ An Example

(X1 _ X X)) N (Xe X X)) N (X x3) N (X3 _Xa) M (X3 _ i Xq)



Resolution{ An Example

(X1 _ X X)) N (Xe X X)) N (X x3) N (X3 _Xa) M (X3 _ i Xq)

(X2 _ X)) N (X2 _X3) ™ (X3 _ Xa) " (X3 _: Xa)



Resolution{ An Example

(X1 _ X X)) N (Xe X X)) N (X x3) N (X3 _Xa) M (X3 _ i Xq)

(X2 _ X)) N (X2 _X3) ™ (X3 _ Xa) " (X3 _: Xa)

(X3 _:%3) ™ (Xa_Xa) ™ (Xa_: Xg)



Resolution{ An Example

(X1 _ X X)) N (Xe X X)) N (X x3) N (X3 _Xa) M (X3 _ i Xq)

(X2 _ X)) N (X2 _X3) ™ (X3 _ Xa) " (X3 _: Xa)
(X3 _ 1 X3) ™ (X3 _ Xa) ™ (X3 _ : Xa)

(X3 _Xa) ™ (X3 _: Xa)



Resolution{ An Example

(X1 _ X _1Xa)M (0 X1 _ 1 Xo_ 1 Xg) ™ (X2 _ X3) N (X3 _ Xa) ™ (X3_ : Xa)
(X2 _ i xg) ™ (X2 _X3) ™ (X3 _Xa) ™ (X3 _: Xa)

(X3 _ 1 Xa) ™ (Xa_ Xa) ™ (X3 _© Xa)

(X3 _Xa) ™ (X3 _ @ Xa)

(X3)

Formula is SAT
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Organizationof Local Seach

Local seach is incomplete;usuallyit cannot prove
unsatis ability

{ Very e ective in speci ¢ contexts

Example:

(Xp_ X ix3) ™M (t X1 _ i X3_Xa)™ (0 X1 _ X2 _ Xa)



Organizationof Local Seach

Local seach is incomplete;usuallyit cannot prove
unsatis ability
{ Very e ective in speci ¢ contexts

Example:
(Xa_iXe_ixa) ™ (EXe_ i Xg_Xa) ™ (D Xa_ 1 X2 _ Xa)
Start with (possiblyrandom) assignment:

Xa= 0;xp =X =x3=1
And repeat a number of times:
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Organizationof Local Seach

Local seach is incomplete;usuallyit cannot prove
unsatis ability
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Organizationof Local Seach

Local seach is incomplete;usuallyit cannot prove
unsatis ability
{ Very e ective in speci ¢ contexts

Example:
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Start with (possiblyrandom) assignment:
Xa= 0;xp =X =x3=1

And repeat a number of times:
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Organizationof Local Seach

Local seach is incomplete;usuallyit cannot prove
unsatis ability
{ Very e ective in speci ¢ contexts

Example:
(X1 _ X0 i) M Xe Xz Xa)M (i Xy Xo Xg)

Start with (possiblyrandom) assignment:
Xa= 0;X1= Xo=x3=1
And repeat a number of times:

{ If not all clausessatis ed, ip variable (e.g. X4)
{ Doneif all clausessatis ed



Organizationof Local Seach

Local seach is incomplete;usuallyit cannot prove
unsatis ability
{ Very e ective in speci ¢ contexts

Example:
(X1 _ X0 i) M Xe Xz Xa)M (i Xy Xo Xg)

Start with (possiblyrandom) assignment:

Xa= 0;xp =X =x3=1

And repeat a number of times:
{ If not all clausessatis ed, ip variable (e.g. X4)
{ Doneif all clausessatis ed

Repeat (random) selectionof assignmenta number of times
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Histarical Perspectivel

In 1960, M. Davisand H. Putnam proposedthe DP
algaithm:
{ Resolutionusedto eliminatel variable at eachstep
{ Appliedthe pureliteral rule and unit propagation

Original algaithm was ine cient



Histarical Perspectivel

In 1960, M. Davisand H. Putnam proposedthe DP
algaithm:
{ Resolutionusedto eliminatel variable at eachstep
{ Appliedthe pureliteral rule and unit propagation

Original algaithm was ine cient



Histarical Perspectivell

In 1962, M. Davis, G. Logemannand D. Lovelandproposed
an alternative algaithm:

{ Insteadof eliminating variables,the algaithm would split on a
givenvariable at eachstep
{ Also appliedthe pureliteral rule and unit propagation

The 1962 algaithm is actually an implementationof
backtrackseach

Overthe yeas the 1962 algaithm becameknown asthe
DPLL (sometimesDLL) algaithm



BasicAlgarithm for SAT { DPLL

Standad backtrackseach

At eachstep:
{ [DECIDE] Selectdecisionassignment
{ [DEDUCE]Apply unit propagationand (optionally) the pure
literal rule
{ [DIAGNOSIS]If conict identi ed, then backtrack
I If cannot backtrack further, return UNSAT
I Otherwise, proceedwith unit propagation
{ If formula satis ed, return SAT
{ Otherwise,proceedwith anotherdecision



An Exampleof DPLL

= (a_:b_d)*(a_:b_e"
(Cb_:d_:en
(@a_b_c_d~™(a_b_c_:d)"
(a_b_:c_en(a_b_:c_:e



An Exampleof DPLL
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An Exampleof DPLL
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An Exampleof DPLL

= (a_:b_d)*(a_:b_e"n
Gb_:d_:en
(a_b_c_d*r(a_b_c_:d)" <
(a_b_:c_en(a_b_:c_:e @

]

7

conflict K
/
/



An Exampleof DPLL
= (a_:b_d)*(a_:b_e"
GCb_:d_:en /
(a_b_c_d~r(@a_b_c_:d)~"
(a_b_:c_e™(a_b_:c_:e ‘®

conflict / solution
/
/

/
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CDCLSAT Solvers

Introducedin the 90's
[Marques-Silva&Sakilah'96][Bayardo&Schrag'97]
Inspiredon DPLL

{ Must be ableto prove both satis ability and unsatis ability
New clausesare leant from con icts
Structure of con icts exploited(UIP9
Backtrackingcan be non-chronological
E cient data structures[Moskewicz&al'01]

{ Compactand reducedmaintenanceoverhead

Backtrack seach is periodically restated [Gomes&al'98]

Can solveinstanceswith hundredsof thousandvariablesand
tens of million clauses



CDCLSAT Solvers

Introducedin the 90's
[Marques-Silva&Sa#llah'96][Bayardo&Schrag'97]
Inspiredon DPLL

{ Must be ableto prove both satis ability and unsatis ability

New clausesare learnt from con icts
Structure of con icts exploited(UIP9)

Backtrackingcan be non-chronological
E cient data structures
{ Compactand reducedmaintenanceoverhead

Backtrack seach is periodically restated

Can solveinstanceswith hundredsof thousandvariablesand
tens of million clauses
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Clauseleaning

During backtrackseach, for eachcon ict lean newclause
which explainsand preventsrepetition of the samecon ict

"=(a_b"* "GCb_c _dr"CGCb_er(d_:e_f):::
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Clauseleaning

During backtrackseach, for eachcon ict lean newclause
which explainsand preventsrepetition of the samecon ict

Assumedecisionsc = 0 andf = 0

Assigna = 0 and imply assignments

A conict isreached:(: d _: e_ f) isunsatis ed
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P L R R R

{ Leannewclause(a_c_f)
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Non-ChronologicaBacktracking

During backtrackseach, for eachcon ict backtrackto one of
the causesof the con ict

= (@b Cb_c_drCb_erGd_:e_f)r
(a_c_f)rCa_gd " Cog_brCh_DN(Ei_k)
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Non-ChronologicaBacktracking

During backtrackseach, for eachcon ict backtrackto one of
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Non-ChronologicaBacktracking

During backtrackseach, for eachcon ict backtrackto one of
the causesof the con ict

= (a_b)rChb_¢c_dACb_erGd_ e f)r
(a_c_f)rCa_grCog_p)rCh_pDrEIT_k)

{ Assumedecisionc = 0,f = 0, h=0andi =0

{ Assignmenta = 0 causedconict ) leant clause(a_c_f)
impliesa= 1

{ Aconict isagainreached:(: d _: e_ f) is unsatis ed

{ (c=0"(=0) ( =0

{(=1) (c=1_(f=1)

{ Lean newclause(c _f)



Non-ChronologicaBacktracking

(a_c_f) .a(c_f)



Non-ChronologicaBacktracking

Leant clause:(c _ f)

Needto backtrack,given
new clause

Backtrackto mostrecent
decision:f = 0

Clauseleaning and
non-chronological
backtrackingare hallmaks
of modern SAT solvers
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Most RecentBacktrackingScheme

©
@(a_c_f)@

Leant clause:(a_c_f)

No needto assigna= 1 -
backtrackto most recent
decision:f = 0

Seach algaithm is no
longera traditional
backtrackingscheme




UniguelmplicationPoints (UIPS)

conflict

Exploit structure from the implication graph
{ To havea more aggressivévacktrackingpolicy

Identify additional clausego be leant
[Marques-Silva&Sa&llah'96]

{ Createclausega_c_f)and(:i_f)

{ Implynotonlya= 1butalsoi = 0
1st UIP schemeis the most e cient [Zhang&al'01]

{ Createonly oneclause(: i _f)
{ Avoid creatingsimilar clausesnvolvingthe sameliterals



Clausedeletionpolicies

Keeponly the small clausegMarques-Silva&Sakilah'96]

{ For eachconict recad oneclause
{ Keepclausesof size K
{ Large clausegyet deletedwhenbecomeunresolved

Keeponly the relevantclauseqBayardo&Schrag'97]
{ Deleteunresolvectlauseswith M freeliterals
Keeponly the clauseghat are used[Goldberg&Novikov'02]
{ Keeptrack of clausesactivity



Data Structures

Key point: only unit and unsatis ed clausesmust be detected
during seach
{ Formulais unsatis ed whenat leastone clauseis unsatis ed
{ Formulais satis ed whenall the variablesare assignecand
there are no unsatis ed clauses
In practice: unit and unsatis ed clausesmay be identi ed
usingonly two references

Standad data structures(adjacencylists):
{ Eachvariable x keepsa referenceto all clausescontaininga
literal in x
Lazy data structures(watchedliterals):

{ For eachclause,only two variableskeepa referenceto the
clause,i.e. only 2 literals are watched



Standad Data Structures(adjacencylists)

literalsO = 4
literals1=0
size=5

unit

literalsO = 4
literalsl=1
size=5

satisfied

literalsO = 5
literals1= 0
size=5

unsatisfied

Eachvariable x keepsa reference
to all clausescontaininga literal in
X
{ If variable x is assignedthen all
clausescontaininga literal in x
are evaluated
{ If seach backtracks,then all
clausesof all newly unassigned
variablesare updated

Total number of referencess L,
wherelL is the number of literals



LazyData Structures(watchedliterals)

!

!

@3 @1
b

@5 @3 @1

BT T .

@5 @3 @7 @1
L

@ @3 @7 @7 @1
b

@3

unresolved

unresolved

unit

satisfied

For eachclause,only two
variableskeepa referenceto the
clause,i.e. only 2 literals are
watched

{ If variable x is assignedpnly
the clauseswhereliteralsin x
are watchedneedto be
evaluated

{ If seach backtracks,then
nothing needsto be done

Total number of referencess
2 C, whereC is the number
of clauses
{ IngeneralL 2 C,in
particular if clausesare leant

after backtracking to level -



Seach Heuristics

Standad data structures heavyheuristics
{ DLIS: DynamicLarge Individual Sum[Marques-Silva'99]
I Selectsthe literal that appeas most frequently in unresolved
clauses
Lazy data structures light heuristics
{ VSIDS: Variable State IndependentDecaing Sum
[Moskewicz&al'01]
I Eachliteral hasa counter, initialized to zero
I When a new clauseis recaded, the counter assaiated with
eachliteral in the clauseis incremented
I The unassignediteral with the highestcounter is chosenat
eachdecision
{ Other variations
I Countersupdated also for literals in the clausesinvolvedin
con icts [Goldberg&Novikov'02]



Restats |

Plot for processo veri cation instancewith branching
randomizationand 10000runs
{ More than 50% of the runsrequirelessthan 1000 backtracks
{ A small percentagerequiresmore than 10000backtracks
Runtimes of backtrackseach SAT solverschaacterizedby
heavy-taildistributions



Restats ||

cutoff cutoff

Repeatedlyrestat the seach eachtime a cuto is reached

{ Randomizationallows to explae di erent pathsin seach tree
Resultingalgaithm is incomplete

{ Increasehe cuto value

{ Keepclausedrom previousruns

new ’
clauses

cutoff



Outline

What is Boolean Satis ability?
Applications

Modeling

Algorithms
Fundamentals
Local Seach
The DPLL Algorithm

Con ict-Driven ClauselLeaning (CDCL)

Extensions
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Well-Knavn Extension©f SAT

The formula is unsatis able
{ Maximum Satis ability (MAX-SAT):
Satisfythe largestnumber of clauses
Quantify the variables
{ Quanti ed BooleanFormulas(QBF):
Booleanformulaswherevariablesare existentiallyor universally
guanti ed
Considerextendedconstraints
{ Pseudo-Boleanformulas(PBS/PBO):
Linea inequalitiesover Booleanvariables
Considerdecidablefragmentsof FOL

{ Satis ability Modulo Thearies (SMT):
Decisionproceduresfor a number of thearies exist

I Linea Integer Arithmetic

I Uninterpreted Functions
|

Interestingresultsfor most extensionsput still far from the
impact of SAT solvers



Conclusions

The ingredientsfor havingan e cient SAT solver
{ Mistakesare not a problem

I Lean from your con icts
I ... and perform non-chronologicalbacktracking
I Restat the seach

{ Belazy!
I Lazy data structures
I Low-cost heuristics

Thanksto Joao Marques-Silvaand Daniel Le Berre



The Next SAT Conference

May 12 - 15 2008, GuangzhouP. R. China

Submissiordeadline:Januay 11th, 2008
Aliated events
{ SAT Race

{ QBFE\AL
{ Max-SAT Evaluation



Thank you!
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